Chapter 4

Image Filtering

When an image is acquired by a camera or other imaging system, often
the vision system for which it is intended is unable to use it directly. The
image may be corrupted by random variations in intensity, variations in
illumination, or poor contrast that must be dealt with in the early stages of
vision processing.

This chapter discusses methods for image enhancement aimed at elimi-
nating these undesirable characteristics. The chapter begins with histogram
modification, followed by a brief review of discrete linear systems and fre-
quency analysis, and then coverage of various filtering techniques. The Gaus-
sian smoothing filter is covered in depth.

4.1 Histogram Modification

Many images contain unevenly distributed gray values. It is common to find
images in which all intensity values lie within a small range, such as the
image with poor contrast shown in Figure 4.1. Histogram equalization is a
method for stretching the contrast of such images by uniformly redistributing
the gray values. This step may make threshold selection approaches more
effective. In general, histogram modification enhances the subjective quality
of an image and is useful when the image is intended for viewing by a human
observer.

A simple example of histogram modification is image scaling: the pixels
in the range [a,b] are expanded to fill the range (21, z]. The formula for
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Figure 4.1: An image with poor contrast.

mapping a pixel value z in the original range into a pixel value 2’ in the new
range is

I 2 — 21

o b_a(z—a)—l—zl
_m— A z21b — zra
= b—az+ e (4.1)

The problem with this scheme is that when the histogram is stretched ac-
cording to this formula, the resulting histogram has gaps between bins (see
Figure 4.2). Better methods stretch the histogram while filling all bins in
the output histogram continuously.

If the desired gray value distribution is known a priori, the following
method may be used. Suppose that p; is the number of pixels at level z; in
the original histogram and ¢; is the number of pixels at level z; in the desired
histogram. Begin at the left end of the original histogram and find the value

kq such that
ka1 ks

BSOS I N (4.2)
i=1 i=1

The pixels at levels zy, 2, ..., 2x,—1 map to level z; in the new image. Next,



114 CHAPTER 4. IMAGE FILTERING

Figure 4.2: The original image has very poor contrast since the gray values
are in a very small range. Histogram scaling improves the contrast but leaves
gaps in the final histogram. Top: Original image and histogram. Bottom:
Image and resulting histogram after histogram scaling.

find the value ks such that

ko—1 ko

Sor<at+e<d n (4.3)
i=1 i=1
The next range of pixel values, z,, ..., zx,—1, maps to level z;. This procedure

1s repeated until all gray values in the original histogram have been included.
The results of this approach are shown in Figure 4.3.

If the histogram is being expanded, then pixels having the same gray
value in the original image may have to be spread to different gray values in
the new image. The simplest procedure is to make random choices for which
output value to assign to each input pixel. Suppose that a uniform random
number generator that produces numbers in the range [0, 1) is used to spread
pixels evenly across an interval of n output values gx, gx+1, ..., grsn—1. The
output pixel number can be computed from the random number r using the
formula

k+ |nx*r]. (4.4)
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Figure 4.3: The original image has very poor contrast since the gray values
are in a very small range. Histogram equalization improves the contrast
by mapping the gray values to an approximation to a uniform distribution.
However, this method still leaves gaps in the final histogram unless pixels
having the same gray levels in the input image are spread across several gray
levels in the output image. Top: Original image and histogram. Bottom:
Image and resulting histogram after histogram equalization.

In other words, for each decision, draw a random number, multiply by the
number of output values in the interval, round down to the nearest integer,
and add this offset to the lowest index.

4.2 Linear Systems

Many image processing operations can be modeled as a linear system:

8(z,y) 9(z,y)
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For a linear system, when the input to the system is an impulse é(z,y)
centered at the origin, the output g(z,y) is the system’s impulse response.
Furthermore, a system whose response remains the same irrespective of the
position of the input pulse is called a space invariant system:

Input : Lin'ear space. | Output
6(a—=0, v invariant system o2z, y-10)

A linear space invariant (LSI) system can be completely described by its
impulse response g(z,y) as follows:

e e e LSI system _ Output
flz,y) 9(z,y) h(z,y)

where f(z,y) and h(z,y) are the input and output images, respectively. The
above system must satisfy the following relationship:

a-fi(z,y) +b- folz,y) = a- hi(z,y) + b ho(z,y)

where fi(z,y) and fo(z,y) are the input images, hi(z,y) and hy(z,y) are the
output images corresponding to f; and f>, and a and b are constant scaling
factors.

For such a system, the output h(z,y) is the convolution of f(z,y) with
the impulse response g(z,y) denoted by the operator x and is defined as:

h(z,y) = f(z,y) *g(z,y)
= f_mf_wf(r’, y)g(z—z',y—y)dz'dy. (4.5)

For discrete functions, this becomes:
hli, j] = f[i, 5] * g3, J]

= 23 flk ) gli— kg~ 1] G

k=11=1
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Figure 4.4: An example of a 3 x 3 convolution mask. The origin of the
convolution mask corresponds to location F and the weights A, B,... I are
the values of g[—k, -], k,!l = —1,0,+1.

If f and h are images, convolution becomes the computation of weighted
sums of the image pixels. The impulse response, g[t, j], is referred to as
a convolution mask. For each pixel [¢,j] in the image, the value A, j] is
calculated by translating the convolution mask to pixel [z, j] in the image, and
then taking the weighted sum of the pixels in the neighborhood about [, j]
where the individual weights are the corresponding values in the convolution
mask. This process is illustrated in Figure 4.4 using a 3 x 3 mask.

Convolution is a linear operation, since

gli, 31 % {arfuli, 3] + aafoli 31} = ar{gli, 3] * fili, 31} + ae{gli, 4] * foli, 31}

for any constants a; and as. In other words, the convolution of a sum is
the sum of the convolutions, and the convolution of a scaled image is the
scaled convolution. Convolution is a spatially invariant operation, since the
same filter weights are used throughout the image. A spatially varying filter
requires different filter weights in different parts of the image and hence
cannot be represented by convolution.
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Fourier Transform

An n X m image can be represented by its frequency components as follows:

flk, 1] = / f F(u,v) & ™ dudy (4.7)

where F'(u,v) is the Fourier transform of the image. The Fourier transform
encodes the amplitude and phase of each frequency component and is defined
as

Figo = 2UELD
= gg fik e e (4.8)

where F denotes the Fourier transform operation. The values near the ori-
gin of the (u,v) plane are called the low-frequency components of the Fourier
transform, and those distant from the origin are the high-frequency compo-
nents. Note that F(u,v) is a continuous function.

Convolution in the image domain corresponds to multiplication in the spa-
tial frequency domain. Therefore, convolution with large filters, which would
normally be an expensive process in the image domain, can be implemented
efficiently using the fast Fourier transform. This is an important technique in
many image processing applications. In machine vision, however, most algo-
rithms are nonlinear or spatially varying, so the Fourier transform methods
cannot be used. In most cases where the vision algorithm can be modeled
as a linear, spatially invariant system, the filter sizes are so small that im-
plementing convolution with the fast Fourier transform provides little or no
benefit; hence, linear filters, such as the smoothing filters discussed in the
following sections, are usually implemented through convolution in the image
domain.

4.3 Linear Filters

As mentioned earlier, images are often corrupted by random variations in in-
tensity values, called noise. Some common types of noise are salt and pepper
noise, impulse noise, and Gaussian noise. Salt and pepper noise contains ran-
dom occurrences of both black and white intensity values. However, impulse
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Figure 4.5: Examples of images corrupted by salt and pepper, impulse,
and Gaussian noise. (a) & (b) Original images. (c) Salt and pepper noise.
(d) Impulse noise. (e) Gaussian noise.

noise contains only random occurrences of white intensity values. Unlike
these, Gaussian noise contains variations in intensity that are drawn from a
Gaussian or normal distribution and is a very good model for many kinds of
sensor noise, such as the noise due to camera electronics (see Figure 4.5).
Linear smoothing filters are good filters for removing Gaussian noise and,
in most cases, the other types of noise as well. A linear filter is implemented
using the weighted sum of the pixels in successive windows. Typically, the
same pattern of weights is used in each window, which means that the linear
filter is spatially invariant and can be implemented using a convolution mask.
If different filter weights are used for different parts of the image, but the
filter is still implemented as a weighted sum, then the linear filter is spatially
varying. Any filter that is not a weighted sum of pixels is a nonlinear filter.
Nonlinear filters can be spatially invariant, meaning that the same calculation
is performed regardless of the position in the image, or spatially varying. The
median filter, presented in Section 4.4, is a spatially invariant, nonlinear filter.
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Figure 4.6: An example illustrating the mean filter using a 3 x 3 neighbor-
hood.

Mean Filter

One of the simplest linear filters is implemented by a local averaging opera-
tion where the value of each pixel is replaced by the average of all the values
in the local neighborhood:

57 2. flk] (4.9)

{k leN

where M is the total number of pixels in the neighborhood N. For example
taking a 3 x 3 neighborhood about [z, j] yields:

i+l j+1
hli, 5] = Z 3 fiki (4.10)
k—i 1l=j-1

Compare this with Equation 4.6. Now if g[z, j] = 1/9 for every [, j] in the
convolution mask, the convolution operation in Equation 4.6 reduces to the
local averaging operation shown above. This result shows that a mean filter
can be implemented as a convolution operation with equal weights in the
convolution mask (see Figure 4.6). In fact, we will see later that many image
processing operations can be implemented using convolution.
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Figure 4.7: The results of a 3 x 3, 5 X 5, and 7 X 7 mean filter on the noisy
images from Figure 4.5.



